CECH EXTENSIONS OF CONTRAVARIANT
FUNCTORS(*)

BY
C. N. LEE(® AND FRANK RAYMOND()

Introduction. This paper studies and characterizes the Cech and singular
methods of extending a set-valued functor from a category of triangulable pairs and
homotopy classes of maps to a set-valued functor defined on more general topo-
logical pairs and homotopy classes of maps. Many new contravariant functors
such as those in [1], [2], [4], [5], [6], [12], [15], have been introduced into algebraic
topology. Their study has been responsible for much of the progress in the subject
during recent years. They have been most successfully treated on a category
of CW complexes. It is natural to ask how one may extend these functors
to a larger class of spaces, and to what extent does an extended functor possess
properties similar to those enjoyed by the original functor defined on the smaller
category. Furthermore, one should compare the possible extensions to determine
if some have easily recognized properties which distinguish them from other
possible extensions.

In classical cohomology theory, there are two standard methods, namely, those
that yield the singular theory and the Cech theory. Both theories are defined on the
largest class of spaces and yet satisfy all seven axioms postulated by Eilenberg and
Steenrod [7]. For general spaces it often seems that the Cech theory is more
preferable, whereas for homology, the singular theory is usually the only satis-
factory one. (We feel that Theorem 2 and Appendix 1 partly “explain” this
phenomenon and indicate that a similar statement may be applicable to generalized
homology and cohomology theories.)

Let € be a category of topological pairs and continuous maps, and let " be a
full subcategory of ¥ whose objects are triangulable pairs such that each open
covering of a pair in € has a refinement whose nerve is a pair in 2. We call the
pair (¢,X") a Cech extension category (see §1 for a more precise statement).
Given a set-valued (contravariant) functor F on J; satisfying the homotopy axiom,
we define the Cech functor ¥ on %, extending F. The bulk of this paper is devoted to
examining which properties of the classical Cech cohomology theory are still valid
for generalized Cech cohomology theories, and how F, as an extension of
F, compares with other possible extensions. Many of the arguments, given by
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Eilenberg and Steenrod [7], for proofs of the axioms for the classical Cech coho-
mology theory carry over to our general Cech functor with little change.

The organization and an outline of our results are as follows: In §1, after setting
up notation, we prove that F satisfies the homotopy axiom, (Theorem 1). At this
point we could pass to a category in which morphisms are homotopy classes of
continuous maps instead of just continuous maps, but we found no essential
advantage, and hence left the categories unaltered. In §§2 through 4, we require
that the objects of € are paracompact Hausdorff pairs (X, 4) with 4 closed in X.
In §2, we define a natural transformation 6: F — Fon € where Fis also defined on
€ by assumption, that is, the initial F, defined on ¥, is assumed to have been
extended over €. Let F be homotopy representable by a topological pair (E, E’).
Theorem 2 implies that 8: F — F is an equivalence on % if and only if (E, E’) has
the homotopy type of a CW-pair. This follows essentially from Theorem 1 and the
definitions, thus differing from the conventional approach using the concept of
“bridge maps”™ (Spanier [13], Hu [9], Barratt [3]). This theorem is used in §3 to
prove Theorem 3 which implies that the natural transformation 8: F— F is
equivalent (in some sense) to the canonical map: (|SE|, |SE’|) — (E, E') where the
domain pair is the geometric realization of the singular complex pair over (E, E’). In
§4, we study the continuity axiom for ¥, and prove Theorem 5 asserting that Fis
always weakly continuous. This seems to be the most general result known in this
direction. This is used to prove that on certain categories 8: '~ Fis an equivalence
if and only if F is also weakly continuous (Theorems 4 and 5), where F is assumed
to have been defined on the category. In the last sections, we comment on the
exactness axiom, excision axiom, and contravariant functors defined on a category
in which objects are single spaces with base points.

In Appendix 1 we abstract the content of some of the paper and study the
concept of a maximal and minimal extension of a contravariant or covariant set-
valued functor. In this context the Cech extension of a contravariant (respectively,
covariant) functor and the singular extension of a covariant (respectively, contra-
variant) functor are examples of unique maximal (respectively, minimal) extensions.
The abstract form of Theorem 2 gives conditions for a representable extension to
be equivalent to a maximal extension. Several topological applications, different
from those treated in the text proper, are mentioned.

In Appendix 2 we formulate into a theorem the unique extendability of a
functor (covariant or contravariant) defined on a subcategory €, of a category %,
to a functor on the subcategory, 2(%,), of those objects in ¥ dominated by objects
in €,.

Although our individual theorems, corollaries, and topological applications are
new, at least stronger than the known ones to various degrees, our emphasis is not
one or two main theorems, but all our results are produced here to answer the
original questions stated in the first paragraph of this introduction. We intend to
publish in the near future other aspects of generalized (singular) homology and
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(Cech) cohomology theories (for general spaces) including a Cartan-Leray type of
spectral sequence of a map for homology and cohomology.

In the present paper, there is a small overlap with independent and unpublished
results of A. Dold. In particular, he has also identified maximal extensions with the
Cech extension and obtained the implication (iii) = (i) of Theorem 2.

1. Extension of contravariant functors by the Cech method.

1.1. Recall from Eilenberg-Steenrod [7, Chapter IX] the definitions of the family
of coverings, Cov (X, 4) of any topological pair (X, 4) and the nerve, (X,, 4,) of
o € Cov (X, 4). We shall use the same notation (X, 4,) for its geometric realization
(| X.]s | 4.|) with the weak topology. If £ is a family of triangulable pairs, we shall
denote by Cov¥* (X, A4) the family of all « € Cov (X, 4) such that (X,, 4,) € .
Consider a pair (¢, ") consisting of a category € of topological pairs and con-
tinuous maps between such pairs, and a full subcategory " of ¥ whose objects are
triangulable pairs. The pair (¢, ) is called a Cech extension category if Cov¥ (X, A)
is cofinal in Cov (X, A) for each pair (X, A) € €. For practical purposes, we shall
further require that 2" and € are admissible categories for homology theory in the
sense of Eilenberg-Steenrod [7, Chapter I}, and that if (K;, L,) is a subcomplex pair
of a triangulable pair (K, L)€ X" then (K, L,) € #". Here again we identify a
simplicial pair with its geometric realization. We shall in what follows continue
to do this.

Some useful examples are:

(%, #;) where €,={compact Hausdorff pairs and maps}, and X;={finitely
triangulable pairs and maps},

(Cem> Hi;) Where €, ={separable metric pairs, and maps}, and ;= {countable
locally finitely triangulable pairs, and maps},

(%4, #;q) where €,,={paracompact Hausdorff finite dimensional pairs, and
maps}, and ¢}, ={finite dimensional triangulable pairs, and maps},

(¢,, A1) where €, ={topological pairs and maps}, and 5] ={triangulable pairs
and maps},

(¢,, ;) where €, ={closed paracompact Hausdorff pairs, and maps} and ] is
the same as above. (X, 4) € €, is a closed pair if 4 is a closed subset of X.

1.2. Let % denote a category of topological pairs and continuous maps, and let &
denote the category of sets and set-maps. Let F: ¥ — & be a contravariant functor.
F is said to satisfy the homotopy axiom if f and g are maps in € which are homo-
topic to each other, f~g by notation, then F(f)=F(g).

Let (¢, ') be a Cech extension category and let F: " — % be a contravariant
functor satisfying the homotopy axiom. We shall define the associated Cech
functor F: € — & such that F|" is equivalent to F. (Once this has been done, one
can easily modify the definition of F so that the resulting functor is strictly equal
to F when restricted to-2#. This was pointed out to us by J. Schafer.) In order to
avoid unnecessary complication, we shall be only concerned with F, and regard
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this as an extension of F. To define F, let (X, A) € €. For each « € Cov¥ (X, A),
F(X,, A,) is well defined. If « and B e Cov¥ (X, 4), and if B refines « (B>« by
notation) then there is a map m,;: (X;, Ag) = (X,, A,) called a projection map
induced by the refining relation “ > *’. Since any two projection maps are necessarily
homotopic, the map F(m,,): F(X,, A,) = F(X3, A;) does not depend on the choice
of projection map, and hence F(m,;) is uniquely defined by the refining relation
B> a. It follows that the family of sets F(X,, 4,), for « € Cov¥ (X, A4), and maps
F(m,,) form a direct system. We define

F(X, A) = Dir Lim {F(X,, 4,); F(mop)}

where the direct limit is taken over the direct system just described. To complete
the definition of ¥, we must define ¥ on maps. Let f: (X, 4) — (Y, B) be in . For
any « € Cov¥ (Y, B), o'=f"(«) € Cov¥ (X, A) because (X,, A,) is a subcomplex
pair of (Y,, B,) and hence belongs to " by the definition of ¢. Thus, the inclusion
map i,: (X, Apr) => (Yo, B,) is in X In particular, F(i,) is defined. Furthermore,
the map: Cov¥ (Y, B) - Cov¥ (X, A) induced by f preserves the refining relation,
and hence we may define the map F(f): F(Y, B) - F(X, A) by passing to the limit.
More details may be obtained by modifying the contents of §§2, 3 and 4 of [7, IX].
This completes the definition of the contravariant functor F: % — & called the
Cech extension of the contravariant functor F: ¥ — . The word “extension”
will be justified in the next section. We shall first prove

THEOREM. 1. F satisfies the homotopy axiom.

This is proved for the ordinary Cech cohomology theory in [7]. To prove it in
the general case as stated above, one needs only follow the same argument with
slight alterations at some steps. We shall indicate these alterations and leave the
details to the reader.

First, take Lemmas 5.2, 5.4, 5.6, 5.7 and 5.8 of [7, pp. 240-242], and alter the
statements of Lemmas 5.2 and 5.7 by replacing the word ““acyclic” by ‘‘ contractible.
The proofs of these altered statements are similar to the original ones. Also,
change in Lemma 5.8 the assertion to read “/ is homotopic to u”. The altered part
of this proof is as follows: For each simplex s of the nerve X, (considered as a
simplicial complex), let C(s) be the subcomplex of (X xI), consisting of all the
simplices whose vertices have the form (v, i) where v is a vertex of s. The simplex s is
the nerve of a covering o’ of a subset X’ of X and C(s) is contractible, by the
alteration of Lemma 5.7 of [7]. If s’ is a face of s then C(s")<= C(s); and if s is in 4,
then C(s) is in (A4 x I),. Note that /(v)=(v, 0) and u(v)= (v, n*) for any vertex v of
X,. Define a homotopy k: (X, x I) - (X x I), by an induction on the skeleta of X
such that k(s* x I)<= C(s") for each n-simplex s™ of X, with k,=1/ and k; =u. The
remainder of the argument is the same as that given on p. 243 of [7]. Note in
carrying out this argument there arises a small difficulty from the fact that the
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nerve of a stacked covering of X x I may fail to be an object in . However, the
conditions defining the Cech extension category (%, ") enable one to get around
this minor difficulty.

1.4. REMARKS. 1. We may obtain analogous results for covariant functors
with the same argument.

2. Recall the notation (€., ;) in 1.1. It is possible to define a Cech extension of
a (either covariant or contravariant) functor F: X; — & having the property that
if f, g: (X, A) — (Y, B) are maps in J; which are contiguous with respect to some
triangulations of the pairs then F(f)=F(g). In proving that the resulting Cech
extension F satisfies the homotopy axiom, one needs only replace “acyclic” by
“collapsible” instead of *contractible”.

3. Denote by & the category of contravariant functors: ¥ — & satisfying the
homotopy axiom as objects and natural transformations between such functors as
morphisms. Similarly for #¥. These categories are not “legitimate” since the
natural transformations from one functor into another may not form a set. For
each Fe %, Fe %€ since F also satisfies the homotopy axiom by Theorem 1.
Write Cech (F) = F for each Fe X . If v: F— G is a morphism in &* then
Cech (r)=7+: F— G is well defined in the obvious manner. It is easy to check that
we have a (covariant) functor Cech: ¥* — &¢. We have another covariant
functor Res: ¢ — #* defined by restriction. It will follow from 2.2 that the
composite functor Res o Cech is equivalent to the identity functor on &

2. Comparison of the Cech extension with an arbitrary extension.

2.1. Let (¢, X') be a Cech extension category as defined in §1. Note that (¢; )
is also a Cech extension category. We shall assume in this section that the objects of
€ are paracompact Hausdorff closed pairs. (By a closed pair (X, A), we mean A4 is
a closed subspace of X in which case Cov (X, A) needs only be singly indexed
[7, p. 249).) Let F: € — & be a contravariant functor satisfying the homotopy
axiom, and let F: € — & be the Cech extension of F|#. We shall define a natural
transformation 6: F— F.

Let (X, A) € € and « € Cov (X, A). If « is locally finite then there is a continuous
map ¢,: (X, 4) = (X,, A,) called a barycentric (or canonical) map. To be more
specific, let {\; | i€ V,} be a partition of unity subordinated to «. Then ¢(x) is
defined to be the point of the simplicial complex X, with the barycentric coordinate
{A(x) | i€ V,}. For a€Cov (X, A), « not necessarily locally finite, we find a
locally finite B, 8> «, and simply define @, =m,4p;. It is easy to prove that these maps
are well defined up to homotopy. As a consequence of this, we get a well-defined
map 0y 4: F(X, A)— F(X, A) by {F(p,) | « € Cov¥ (X, A)}.

We have already observed that if 2" is an admissible category of triangulable
pairs, then (; %) is a Cech extension category. The next proposition states, in
particular, that if F: %" — & is as in §1, then F is an “extension” of F and that 0
is the natural transformation which induces this extension.
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2.2. PROPOSITION. 0 isa natural transformation. Furthermore, 6| ¢ is an equivalence
representing F as an extension of F|X.

Proof. The first assertion follows from Theorem 1 and the definitions. It is
easily checked. To prove the next assertion, let (X, 4) be a pair in " and consider
the commutative diagram

. = 1
(X Ao) <= (K], |L])

Il _"_"h’aa I]

(X3, 45) <— (K|, |L'])
¢ =1

where (K, L) is a triangulation of (X, 4) and (K’, L) is a subdivision (not necessarily
barycentric) of (K, L), and « (resp., B) is the open covering consisting of open stars
of the vertices of K (resp., K'). Note that (K, L) and hence (K’, L") may not be
locally finite, but the identity maps ¢, and ¢, are clearly continuous and are
homotopic to barycentric maps. We can obtain a cofinal family of such coverings
of (X, A). We have already observed that if y € Cov (X, A) and y>« then =,,p,
~ ¢,. The assertion now follows.

For each o e Cov¥ (X, A), each element a, € F(X,, A,) represents a unique
element d=p,(a,) € F(X, A). Here the p, are those maps representing F(X, 4) as
the direct limit of the F(X,, 4,), « € Cov¥ (X, A).

COROLLARY. If (X, A)=(|K|, |[L|) € X and « is the covering by open stars of the
vertices of K then the following maps are inverses to each other:

OX.A
F(X, A) == F(Xa, 4.
P
We remark that if we make the natural identification of the triangulable pair
with the geometric realization of the nerve of the covering formed by the open stars
of the vertices of a triangulation of (X, 4), then 0 , is the identity map. Further-
more, in terms of these identifications, F (N =F(f), for f: (X, A) — (Y, B), where
(X, A) and (Y, B)e X
2.3. REMARK. 0 is defined for each Fe & so that 6;: F — F is a natural
transformation. In fact, such assignment 6: F— 0 is natural with respect to
morphisms in ¥ in the sense that if 7: F— G is a morphism in &% then we have
the commutative diagram

v

F-L ¢

L

F—sG
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2.4. LeMMA. If a, € F(X,, A,) represents i€ F(X, A) where «c Cov¥ (X, A)
then

F (9’0:)0)?:.'4,(0“) = d.

Proof. Denote by the same o the covering of (X,, 4,) by open stars of the
vertices of X,, and by the same (X,, 4,) its nerve. Consider the diagram

(X, 4) —2> (X, 4,)

l?’a’ l?’a =1
i

(Xa" Aa’) _f—’ (Xaa Aa)

where o’ =¢; («) and i, is the inclusion map. Since «’ refines «, i, is a projection
map ... Hence, in the induced diagram

F(ia)
F(Xa's Aa’) D — F(Xm Aa)

P a’ l 0;:: Ag
KX, 4) LN F(X,, 4,),

we get p,=p,-F(i,) where the maps p,, p,- were defined in 2.2. We now need only
show that the diagram commutes, but this follows from the definition of F(g,) and
the corollary in 2.2.

2.5. Let F, and F,: ¥ — & be contravariant functors. Assume that F, is
homotopy-representable by a pair (E, E') € ¥, i.e., F, is equivalent to the functor
[ ; E, E’], the homotopy classes of the maps of pairs of € into (E, E’). For
simplicity, let F,=[ ; E, E']. Given any a € Fy(E, E’) there is a natural trans-
formation y°: F, — F; defined by %, (f)=F,(f)a) for f € Fy(X, A). In fact, every
natural transformation from F, to F, is obtained this way.

LEMMA. Suppose that there is a natural transformation 0: F, — F, and an element
ec F\(E,E') with Ogg(e)=1:(E, E'Y—> (E, E'). Then, there exists a natural
transformation : F, — F, such that 6y=1, the identity transformation of F, onto
itself.

Proof. Simply let y=4y°.

2.6. Preserving the notation of 2.1, assume further that F is homotopy-
representable by (E, E’) € € and that for some e € F(E, E’), 0 g(e)~1.

LeMMA. For & € F(X, A) and a, € F(X,, A,) representing &, where o € Cov¥ (X, A)
we have

F(@¥%.. aa) = 4.

In particular, Y%, 4 is a bijection.



422 C. N. LEE AND FRANK RAYMOND [September

Proof. Note 0x!,.(a.)=v%..4.(a:) by 2.2 and 2.5. By substituting in 2.4, we
obtain the desired formula above. Because =1, by 2.5, ¥%, 4 is injective. Since
= F (P, (00) = V5. AF(Pe)(a), Y5, 4 is also surjective.

2.7. Let (¢, X) be as in 2.1 where the objects of € are by assumption para-
compact Hausdorff closed pairs, and let F: € — % be a contravariant functor
which is homotopy-representable by (E, E') € €.

THEOREM 2. The following are equivalent:
() There exists e € F(E, E') such that 0z g(e)=1: (E, E") — (E, E’).
(i1) 0 is a natural equivalence.
(iii) (E, E’) is dominated by a pair in X.
(iv) (E, E’) has the homotopy type of a triangulable pair (not necessarily in %).
(v) Fis also homotopy-representable by (E, E’).

Proof. (i) <> (ii), follows from 2.6.

(i) = (iii). Let e, e € F(E, E’), be such that 05 z(e)=1 € F(E, E’). Let e,, e, €
F(X,, A,), represent e where a € Cov¥ (X, 4). By 2.6, e=F(p,)051s,(e,), and
hence 0z (€)= F(p,)(e,)=1. That is, there are maps

€q
(Ea’ E;) <« (E9 E ')
Pa

such that e, ¢, > 1. Thus (E, E’) is dominated by the triangulable pair (E,, Eg)eX.
(iii) = (iv). Since (E, E’) is dominated by a pair (E,, E;) € X, (E, E’) has the
homotopy type of a triangulable pair by a well known result of J. H. C. Whitehead.
(iii) = (i). Let (X, A) e X and f,g be maps, f: (X, A)—(E, E’), g:(E, E")
— (X, A), such that fo g~ 1g z. Let [f] denote the homotopy class of f and set
e=F(g)0z4lf1, e € F(E, E'). Now

0z,e(e) = oz.a'l"(g)oi.im = F(g)lf]1 = [f-8l = lge-

(iv) = (iii). The triangulable pair (X, L) clearly dominates (E, E’) if (K, L) and
(E, E’) have the same homotopy type. However, (K, L) may not be a pair in #. To
remedy this, consider the functor [ ; E, E’] defined on %,. It can be regarded as
an extension of the same functor restricted to ;. The hypothesis of (iii) is satisfied
for the Cech extension category (%,, 2f;) and the homotopy-representable functor
[ ;E, E’]. Thus the argument of (ii) = (iii) shows that (E, E’) is dominated by a
nerve (E,, E;) of some covering o € Cov*1 (E, E’). Since (E, E') € €, choose a
covering B, B € Cov¥ (E, E’), and B> «. If the domination of (E, E’) by (E,, E,) is
given by, (E, E’) %=, (E,, Eg) ¢=> (E, E’), as in (ii) = (iii), then the composition,
(E, E') % (E;, Ep) ©°%s , (E, E'), yields a domination of (E, E’) by the nerve
(E,, E;), Be Cov¥ (E, E').

(v) <> (ii). This is clear, whereby we complete the proof.
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2.8. COROLLARY (SPANIER [14], HU [9], BARRATT [3]). Let (€, X") be a Cech
extension category and (E, E') be a pair in € having the homotopy type of some
CW-pair. Then, for any (X, A) €€,

Dir Lim [X,, 4,; E, E'] & [X, 4; E, E').
aecov¥ (X,4)

This result is more general than the corresponding results in [3], [9], and [14], in
that no restrictions on the CW-pair or on (X, 4) € € are imposed.

To illustrate this corollary, we mention (1) the representability of the ordinary
Cech cohomology functor HY(X, A; G) by (K(G, n), pt) on €, where G is an abelian
group, that is, H "X, A; GO =x[X, A; K(G, n), pt] (also proved by Huber in [10]
but with mild restrictions either on G or (X, 4)), and similarly (2) if (X, 4) € €, has
relative covering dimension <n, then HY(X, A; Z)x[X, A; S, pt].

2.9. REMARK. We describe here very briefly another method of proving the
Corollary in 2.8 following the classical techniques as used in [3], [9] and [14] where
(E, E’) is assumed to be triangulated. Using the triangulation, one defines a so-
called bridge map f,: (X,, A,) - (E, E’) for a given map f: (X, A) — (E, E’) such
that f, - @, f where ¢, is a barycentric map. It is not difficult to prove that the map
0 is onto. The difficult part is to prove that 6 is injective. For this one needs to
construct homotopic bridge maps f, >~ g, for homotopic maps f~g.

3. The representability of the Cech extension. In practice, it often occurs that a
contravariant functor: X" — % is homotopy representable by an object which is
not in X" or any of the categories ¥ associated with . For example, the Grothen-
dieck group of complex vector bundles over finite dimensional paracompact
Hausdorff spaces is homotopy. represented by Z x By, but the classifying space By
is not finite dimensional. Thus Theorem 2 does not apply as (i) and (ii) have no
meaning.

The following three examples are relevant to this discussion.

3.1. Let F be the functor [ ; R", R"—{0}] where R" denotes euclidean n-space.
When restricted to J;, F is also equivalent to the functor [ ; D*, D*] where D" is
the closed n-disk and D" its boundary sphere. The associated Cech functor on
€., F, is therefore homotopy-represented by (D", D"). The natural transformation
0: F— F is an equivalence on .. Of course, (R", R*—{0}) does not have the-
homotopy type of a CW-pair.

3.2. For each triangulable space X, define F(X)=the inverse limit of H*(X,; Z)
where X, runs through the set of all compact triangulable subspaces of X. This
functor Fis homotopy represented by K(Z, 2) on ¥, but not homotopy representable
by any space on the category of locally finite triangulable spaces.

3.3. Let (E, E') be the pair consisting of the ‘“Warsaw circle”” E and a base
point E’={x} where E is the set of all points (x, y) € R? satisfying y=sin 1/x,
0<x=2/m or —3/25y<]1, x=0 or 2/m, or y=—3/2, 0Sx<2/n, and *=(0, 1).
Then the functor F=[ ; E, E’] is equivalent on X to the functor [ ;pt, pt]. It
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follows from 3.6 below that on €., F is also homotopy representable by (pt, pt).
The natural transformation 6 is, of course, not an equivalence on €., for example,
F(E, E’) is infinitely generated whereas F(E, E’) is a single element.

3.4. Let F=[ ;E, E’] defined on %, where (E, E’) is any topological pair. Let
f: (K, L) — (E, E') be a map where (K, L) has the homotopy type of a triangulable
pair such that all three maps, f, f|X, f|L are singular homotopy equivalences. Such
(K,L) and f always exist by taking, for example, the geometric realization
(|SE|, |SE']) of the singular complex pairs. Let G=[ ; K, L] and fg: G— F be
the induced natural transformation. Since the Cech process is natural, we have the
commutative diagram

RN

106f# lap

G——>F

of functors and natural transformations. By generalizing [13, 7.6.23, p. 405] to
pairs and passing to the direct limit, we see that fy is an equivalence. Theorem 2,
on the other hand, implies that 6, is an equivalence. In this sense, f4 is equivalent to
0: F— F. In particular, 05 is an equivalence if and only if f4 is an equivalence on %,

3.5. Let (%, ') be a Cech extension category as in 2.1, and let F: ¥ — &% be a
contravariant functor homotopy representable by a topological pair (E, E’) not
necessarily in €. Extend F to F on %. With the aid of G and G of 3.4, one deduces

THEOREM 3. F' is homotopy representable on € by a triangulable pair (K, L)
having the homotopy type of (|SE|, |SE’|). Furthermore, if F was already the
restriction of a functor, also denoted by F, on € and homotopy representable on € by
(E, E"), then the natural transformation 0: F — F is equivalent to the natural trans-
formation fy:[ ;K,Ll1—|[ ;E,E') where f:(K,L)— (E,E') is a singular
homotopy equivalence.

4. The continuity of the Cech functor.

4.1. Tentatively, let € be a fixed but unspecified category of topological pairs
and continuous maps. Objects will always be taken from ¥.

Let {(Xp, An), fo.m} b€ an inverse system where each (X, A,) are subspaces of a
fixed space Y, and f, ,, (n>m) is the inclusion map: (X, 4,)<(X,, 4,). We shall
call such a system a nested system for (X, A) in Y if (X, A)=(\mem (Xn, 4n) and
each neighborhood pair (U, V) of (X, A) contains some (X, Ay).

Let F: ¥ — & be a contravariant functor. F is said to be continuous (resp.,
weakly continuous) at (X, A) in € if for any inverse (resp., nested) system {( X, 4,),
Jam} whose limit is (X, A) the canonical map p: Dir Lim F(X,, 4,) = F(X, A)
is bijective. If F is continuous (resp., weakly continuous) at every (X, 4) € € then
we shall simply say F is continuous (resp., weakly continuous) in €.
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4.2. Recall that (%, ;) denotes the Cech extension category where the objects
of €. (respectively, ;) are compact Hausdorff (respectively, finitely triangulable)
pairs.

THEOREM 4. Let F. €, — & be a contravariant functor satisfying the homotopy
axiom. Then the following are equivalent :

(1) F is continuous in €,.

(2) Fis weakly continuous in € ..

(3) The natural transformation 8: F — F is an equivalence on €, where F is the
Cech extension of F|X;.

We first state two well-known results which can be used in the proof.

4.3. LeMMA. For any compact Hausdorff pair (X, A), there exists a nested system
in some compact Hausdorff space Y such that each pair of the system has the homotopy
type of a finitely triangulable pair.

4.4. LEMMA. For each inverse system {(X,, A,), fo.m} of compact Hausdorff pairs
the inverse limit (X, A) can be imbedded in a space Y in which it is the limit of a
nested system of compact Hausdorff pairs {(X,, A.)}, with the same indexing set, and
where each (X,, A;) has the same homotopy type as (X,, A,).

For a proof of 4.3 see [13, p. 319] or [7, pp. 284-285]. For 4.4 see [13, p. 358,
C-1] or [7, pp. 293-294, A1-3].

For the proof of the theorem it is clear that (1) = (2). By Theorem 5, which will
be proved independently, F is also weakly continuous and hence (2) = (3) is an
easy consequence of 4.3. By an exact analogue to the proof of continuity for
ordinary Cech cohomology theory as given in [7, Chapter X, §3], we can prove
that F is continuous with respect to inverse systems of compact Hausdorff pairs,
and hence (3) = (1).

Another proof, avoiding the explicit proof of continuity for F, easily follows
from the fact that (1) and (2) are equivalent by virtue of (4.3) and (4.4). Then
apply Theorem 5 to obtain the equivalence of (2) and (3).

4.5. REMARK. The example of 3.1 is continuous since @ is an equivalence but
(R, R"—{0}) does not have the homotopy type of a triangulable pair. On the other
hand, if F restricted to ¢; is equivalent to a functor representable by some pair
(E, E’) not necessarily in €, then F is representable on %, by a triangulable pair
(K, L) for which there is a singular homotopy equivalence (K, L)— (E, E’). On
the other hand, there exists group-valued functors on €., weakly continuous,
satisfying the homotopy axiom, and yet their restriction to ¥} is not representable by
any topological pair. As an example, we may take F(X, A)= H%(X, A; Z)/torsion
subgroup of H%(X, A4; Z), (X, A) € ¥..

4.6. Let (¢, ') be a Cech extension category where the objects of ¥ are para-
compact Hausdorff closed pairs as in 2.1, and let F: 2" — & be a contravariant
functor.
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THEOREM. 5. F is weakly continuous in €.

Proof. Let {( X, Ap), in.mimem b€ @ nested system for (X, 4) in some fixed space
Y (not necessarily in ¥). We wish to show the map

p: Dir Lim F(Xp, An) — F(X, A)
is bijective.
We shall first prove

4.7. LeMMA. Given any barycentric map ¢,: (X, A) = (X,, A;), there exists a
map [+ (X,, A,) = (X, A,) for some index n such that f|(X, A)= ,.

Proof. Let (V,, V4) be the indexing pair of «. For each ve V, (resp., V),
choose an open subset v’ of ¥ with v’ N X=v, let U (resp., W) be their union for
all v e V, (resp., V2), and let o’ be the resulting covering of (X, 4) in Y. By assump-
tion, there is an index m such that (X, 4,)<(U, W). Let o"=a'|(Xp, Am), and let
@ar: (X, An) = (Xper, Ame~) be a barycentric map which exists by assumptions
on the (X, 4,). Note that ¢,.|(X, 4) maps (X, A4) into (X,, 4,) where (X;, 4,) is
regarded as a subcomplex pair of (Xpg», Ame-). Furthermore, ¢,-|(X, 4)= ¢,. Take
the (open) regular neighborhood pair (P, Q) of (X,, 4,) in the first barycentric
subdivisions of (X<, Ame~), and let r: (P, Q) — (X,, A,) be the canonical re-
traction map. Choose an index n>m such that (.-(X,), @(4.))<(P, Q). Then
r o (o~|(Xns A4,)) is the desired map f. This completes the proof of the lemma.

We now prove that u is surjective. Suppose a € F(X, A) is represented by some
a, € F(X,, A))=F(X,, A)). Then by 2.4, F(p.)a,)=a. Choose f:(X,, A,)—>
(X,, A,) as in 4.7. Then F(f)(a,) € F(X,, 4,) which is mapped onto a by F(i,)
where i,: (X, A)<(X,, 4,) is the inclusion map. This proves that p is surjective.

To prove that u is injective, we need

4.8. COROLLARY. If (E, E’) is a triangulable pair then the canonical map

Dir Lim [X,, 4,.; E, E'] = [X, 4; E, E']
is bijective.

Proof. That p' is surjective follows from 2.8 and what has just been proved.
Let f, g: (Xp, An) = (E, E’) be maps such that f~g on (X, A). Let h: (X, A)xI
— (E, E') be a homotopy with h,=f and h, =g. Define a map

H: (Xm, An) x{0} U (X, 4) X IV (Xn, An) x{1} > (E, E')

by fx{0}Uhu gx{l}. Observe that {(Xn, An)*x {0}V (X,, Ap) X IV (Xp, Ap)
X {1}}n>m is @ nested system for the domain of H in Y x I. Now apply the fact that
' is surjective for any nested system, and get a map H: (X,, 4,)xI— (E, E’) for
some n>m which is homotopic to H if restricted to (X,, 4,)x{0} U (X, 4)x1I
U (X,, 42)x{1}. On X,, f=H,~ H,~ H,~ H, =g. This proves that p’ is injective.



1968] CECH EXTENSIONS OF CONTRAVARIANT FUNCTORS 427

Continuation of Proof of Theorem 5. To prove that u is injective, let a,, b,
€ F(Xp, Ay) such that F(i,) (@) = F(in)(bm) = c € F(X, A) where in: (X, A)<(Xp, An)
denotes the inclusion map. We wish to show F(ip .)(@n)= F(in n)(bm) € F(Xy, A,)
for some n>m.

There is an « € Cov¥ (X,,, 4,,) such that both a,, and b,, are represented by some
ng a0d bpy in F(Xpa, Ano). By 2.4, F(@.)(@na)=an and F(po)(bns)=bn where
®a: (Xmy Am) = (Xmas Ame) is @ barycentric map. Let «’'=a|(X, 4). Then we have
the commutative diagram

F(Xm, Am) ﬂ F(X, 4)

lreo  [Feo
F Xma, Ama F Xa’a Aa’ .
( ) m ( )
Let aa’=i (ine)(@ms) and ba’=F (ima)(bma)- Then F (peX(aw)=c =F (P )(ba). Hence
by definition of F(X, 4), there is B € Cov¥ (X, A) such that 8> o’ and F(m,z)(a.)
=F(myg)(be)-
By 4.7, there is a map f: (X, Am) —> (X4, Ay:) for some m’'>m such that
S in X @, We may assume m=m’. By doing the same to B, we get a map g: (X;, 4,)
~> (X4, Ag) for some n>m such that g o i,~ pz. Consider the diagram

Im,n

(Xms An) ~————— (X,, 4,)

fl w(X,A)IVY lx
v\

(Xa', Aa’) T(Xﬂ» AB)

Since fo inX @y X myp 0 g o iy, by 4.8, there is p>n such that =50 g~ f on X,, or
Tap © & © Inp2f o iy ,. Hence
F (im.p)(am) = F (im.p)i (f)(aa') =F (f ° im.r)(aa')
= F (Tarp 0 g 0 Iy, p)(@er) = F (g° in.v)F (7ars) (@) ,
Similarly, F(in ,)(bm)=F(g o in ,)F(mq5)(bs), but B was taken so that F(m,z)(a,)
= F(mys)(b.) and hence F(ip ,)(@m)=F(im ,)(bn). This completes the proof of
Theorem 5.

4.9. COROLLARY. Let (X, A) be a closed pair in a metric space Y (or more generally
a space Y whose open subspaces are paracompact) and let {( X, Ap)}men be a nested
system for (X, A) in Y. Then

Dir Lim HY(X,, 4n; G) ~ HY(X, 4; G)

where G is an abelian group and H'( ; G) is the ordinary Cech cohomology functor
(¢f. Godement [8, 11, 4.11.1)).
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Note that X is not assumed to be a closed subspace of Y.

4.10. Let o be the category of locally finite, countable, finite dimensional
triangulable spaces and continuous maps and let € be the category of spaces which
are finite dimensional separable metric spaces and maps. Then, (¢, ) is a Cech
extension category. Let F: ¥ — & be a contravariant functor satisfying the
homotopy axiom, and let F: € — % be the Cech extension of F|X.

COROLLARY. 0: F— F is an equivalence if and only if F is weakly continuous in €.

Proof. This follows from Theorem S and the well-known fact that any finite
dimensional separable metric space X can be imbedded in an euclidean space Y
so that the space X is the intersection of a nested system consisting of open
triangulable neighborhoods of X in Y.

4.11. REMARK (ON BUNDLE THEORY). Let G be a topological group such that a
classifying space B; for principal G-bundles over paracompact Hausdorff spaces
has the homotopy type of a CW-complex. Let X be an arbitrary paracompact
subspace of a Hausdorff space Y and let {U,}ncx be a nested system of para-
compact subspaces of Y for X. If ¢ is a principal G-bundle on X then there exists a
principal G-bundle ¢’ on some U, such that £'| X is equivalent to £.

Furthermore, if ¢, and £, are principal G-bundles over U, so that £ |X and
£,| X are equivalent, then £,|U, and £;|U, are already equivalent for some n>m.

5. Miscellaneous remarks.

5.1. There are other basic properties of the classical Cech cohomology theory.
For example, the excision axiom and the exactness axiom. Since the latter is
concerned with more than one functor, we do not consider it specifically here.
However, suitably defined generalized Cech cohomology theory will satisfy this
axiom, and in fact, the proof given by Eilenberg and Steenrod is valid for the
generalized theory.

5.2. Let F be a contravariant functor with values in ¥ and defined on a category
of topological pairs and continuous maps. We recall the

Excision Axiom. If (X, A)e¥ and U is an open subset of X with the
closure of U contained within the interior of A, then the map F(i): F(X, A) -
F(X—-U, A-U) is bijective where i: (X— U, A—U)<(X, A) is the inclusion map.

Some contravariant functors occurring in practice actually satisfy a stronger
version of this axiom:

Strong Excision Axiom. If (X, A)e € then the map F(q): F(X/A, A/A) —
F(X, A) is bijective where q: (X, A) — (X/A, A/A) is the quotient map.

Now let (¢, ') be an abstract Cech extension category as defined in §1, and let
F: A4 — % be a contravariant functor satisfying the homotopy axiom, and
F: € — & its Cech extension.

REMARK. If F satisfies the excision axiom on ¢ then F satisfies the strong
excision axiom provided that X satisfies (K, L)€ X" = (K/L, L/L) € X
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This is an easy consequence of the homotopy and excision axioms and is left to
the reader.

THEOREM 6. If F satisfies the excision axiom on X" then so does F on €. If F is
homotopy representable by a topological pair (E, E') with E' consisting of a single
point then F satisfies the strong excision axiom.

The first assertion can be proved by following the proof for the corresponding
theorem as given by Eilenberg-Steenrod [7, p. 243}, and by making necessary
modifications.

In order to prove the second assertion observe that the natural identification
map n: (X, A) - (X/A4, A/A) induces a continuous one-to-one onto map,

17*: (E’ pt)(XIA.A/A) — (E, pt)(x. A).

Because the unit interval I is compact, the natural map nx1: (X, A)xI—
(X/AxI, AJAx 1) is a quotient map. (This is a theorem of J. H. C. Whitehead
and can be found in Dugundji’s book, Topology, p. 262.) Thus, (n x 1)* is also
continuous, one-to-one onto, and induces a bijection of [X/A4, A/A; E, pt] onto
[X, 4; E, pt]. Now apply Theorem 3.

5.3. Let (%, X') be a Cech extension category, and let ¢, (respectively, %) be
the full subcategory of " (respectively, %) of the based spaces, that is, the pairs
(X, A) where A is a single point. We may define F, on %, using F, so that all our
theorems are valid for F,. In order to do this, we make an added requirement that
if (K, L) € A" then (K/L, L/L) € X, and define F over ¢ by F(K, L)=F,(K/L,L/L),
where F, satisfies the homotopy axiom on .

Since homotopies between closed pairs of ¥ induce homotopies between the
corresponding pairs of €, by the same result of J. H. C. Whitehead referred to in
5.2, F satisfies the homotopy axiom on . By the Cech method, define ¥ on ¥,
and let F, be the restriction ¥|%,. Now one can reformulate, in terms of based
spaces, all our theorems and corollaries for F, and F,. The essential idea of
validating this reformulation is to use the theorems for pairs as already given here
and to apply the Whitehead result to the pertinent quotient spaces. We leave these
obvious reformulations and details to the reader.

APPENDIX 1. THE MAXIMAL AND MINIMAL EXTENSIONS.

Let € be an abstract category and X" a full subcategory of €. Denote by & the
category of sets and set maps. Let F,: )" — & be a functor which may be covariant
or contravariant. We define the category of extensions of F,, (¥, F,) by notation,
to be the category of functors F: € — & with the same variance as F, whose
restrictions to ¢ is identical with F,. The morphisms in this category are defined
to be all natural transformations between such functors whose restriction on X" are
the identity transformations. An initial (respectively, terminal) object in (¥¥, Fp) is
called a maximal (respectively, minimal) extension of F,. (See Saunders Mac Lane,
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Categorical algebra, Bull. Amer. Math. Soc. 71 (1965), p. 42, for the standard
definitions of initial and terminal objects.) Clearly such objects are unique up to an
equivalence.

A.1.1. REMARK. Let (%, &) be a Cech extension category where the objects of €
are paracompact Hausdorff closed pairs, and let Fo: X — & be a contravariant
(respectively, covariant) functor satisfying the homotopy axiom. Then F; is a
maximal (respectively, minimal) extension of F; satisfying the homotopy axiom.

To be more precise, the definitions of F, should be slightly modified so that F,
restricted to X is strictly identical with Fo. Now the conclusion follows from 2.4
(its analogue in the covariant case), and by passing to the category with the same
objects as ¥ but with the homotopy classes of maps instead of continuous maps
between the topological pairs of €.

A.1.2. Consider (%,, X7) (see §1). Let Fo: X; — & be a functor satisfying the
homotopy axiom. We shall define the singular extension F§: €, — & of F,. First we
need to recall the geometric realization RS(X, A)=(|SX]|, |SA4|) (as defined by
Giever-Hu) of the singular complex over any topological pair (X, 4). In fact,
RS: %, — A is a covariant functor preserving the homotopy relation, and there
is the natural transformation i: RS — l¢, where lg, is the identity functor of €,
into itself. Now define F§=F;, o RS the composite functor. Then F§ satisfies the
homotopy axiom and F§|f" is naturally equivalent to F,. Again by a slight
modification, we can identify F§|¢" with F; so that F§ is an extension in the strict
sense.

REMARK. If Fo: ), — & is a covariant (respectively, contravariant) functor
satisfying the homotopy axiom then F§:%, — & is the maximal (minimal)
extension of F, satisfying the homotopy axiom.

The proof is not difficult and left to the reader.

A.1.3. We now describe another useful topological example of maximal and
minimal extensions. Let (%, ) be (%7, X}) and F,: X; — & be a functor which
satisfies the homotopy axiom. For each (X, 4) € X, the family of finitely triang-
ulable pairs {(X,, 4,); i,s} forms a directed system of sets. It is directed by inclu-
sion maps. If F, is covariant (respectively, contravariant) then

Dir Lim {Fo(Xa, Aa); Foliag)} (respectively, Inv Lim {Fo(X, 4a); Folias)})

defines the maximal covariant (respectively, minimal contravariant) extension of F
among the extensions which satisfy the homotopy axiom. This corresponds to
homology (respectively, cohomology) with compact carriers [7, p. 255]. Similar
examples can be described using /" =}, and € =3, or ¥ =%, and € =category
of Hausdorff pairs.

A.14. Let F, F, € (%%, F,), where F, is a maximal (respectively, minimal)
extension of F,. Suppose that 0 is the unigue natural transformation 6: F, — F
(respectively, 6: F— F;) and that there exists a natural transformation ¢: F— F,
(respectively, y: F, — F) with ¢ the identity on J. Then, $6=1 (respectively,
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64=1). This fact is an immediate consequence of the definition of initial and
terminal objects. We use it now in proving an abstract form of a weak version of
Theorem 2.

PROPOSITION. Let F, F, € (¢, F,), where F, is a maximal extension of F,, and
F is homotopy representable by an object E in €. If E is dominated by an object E’' in
X, (that is, if there exist morphisms f: E— E', g: E' — E, such that F(g - f)=F(1)),
then 0, the unique natural transformation between F and F,, is bijective.

Proof. Define ee F\(E) by F(g)0z*F(f)(1), in the covariant case, and
F,(f)0z*F(g)(1), in the contravariant case. As in 2.5, define the natural trans-
formationy¢: F— F, such that 8y° = 1. We check this in the covariant case: 8,4/(h) =
0,F1(h)(e)=F(h)05(e) = F(h)0x(F1(g)0z* F(f)1))=F(h)F(g  f)1)=h, for he F(X),
and X € %. The contravariant case is similar.

Since 0 restricted to ¢ is the identity, it follows, from above, that ¢ is also the
identity on X. Therefore, y0=1, and consequently, 8 is an equivalence. This
completes the proof.

We give a topological application which is the analogue of Theorem 2 for the
singular extension. It is useful to restrict ourselves to functors and extensions which
satisfy the homotopy axiom.

COROLLARY 1. Let (¢,, X;) be as in §1, and F, a covariant set-valued functor
Jfrom X3 which satisfies the homotopy axiom. Suppose there exists F € (%1, F),
which is homotopy representable by a pair (E, E'). Then, 0: F§ — F, is an equivalence
if and only if (E, E') has the homotopy type of a triangulable pair.

Proof. By A.1.2 F§ can be regarded as a maximal extension of F,. If (E, E’) has
the homotopy type of a triangulable pair then the proposition implies that 6 is an
equivalence. On the other hand, if 8 is an equivalence, it is easy to see that (E, E’)
has the homotopy type of a triangulable pair, because the map e= 0zz,(1): (E, E’)
— (|SE|, |SE’|), and the realization map (|SE|, |SE’|) — (E, E') define a domi-
nance of (E, E’) by (|SE|, |SE’|).

COROLLARY 2. Let (E, E') be a triangulable pair and {(E,, E,)} the family of
finitely triangulable subpairs of (E, E'). Then the natural map

Dir Lim, [E, E'; E,, E;]]— [E, E'; E, E']
is bijective if and only if (E, E') is dominated by a finitely triangulable pair.

Proof. Set F,=[E, E’; ] on K,. Extend to FJ" on ] by defining Fg'(X, 4)
=Dir Lim, [E, E’, X,, A,] for each (X, A) € ], where {(X,, 4,)} denotes the
family of triangulable subpairs of (X, 4). FT is a maximal extension of F, which
satisfies the homotopy axiom, (A.1.3). The functor F=[E, E’; ] defined on X¥; is
also an extension of F, which satisfies the homotopy axiom. By the proposition, if
(E, E') is dominated by a finitely triangulable pair, then 6: F§' — F is bijective. On
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the other hand, if 0 p.: F§' — F is bijective, then there exists e € F{'(E, E’) such
that 0 z.(e) is the homotopy class represented by 1z g : (E, E’) - (E, E’). Since
FZ has compact carriers, there exists (E,, E;) € #; and maps e,: (E, E") - (E,, E,)
such that i, oe,:(E, E')— (E,, E;) — (E, E') represents e. That is i,ce, is
homotopic to the identity.

We point out that we have shown considerably more than we have stated in
Corollary 2. Similar statements can be made with different directed systems such
as those mentioned at the end of A.1.3.

A.1.5. At the end of §1 we defined two covariant functors

Cech: ¥ = #%: Res

where (%, &) is a Cech extension category. It follows from 2.2 that Res o Cech F
may be identified with F for each functor in . Assume further that the objects of
€ are paracompact closed pairs so that 6: Cech o Res F— F is well defined for
functors Fin &¢. Let F and G be functors in #* and € respectively. For each
natural transformation n: Cech F— G define R(n): Res Cech F=F — Res G by
restriction, and for each natural transformation ¢: F— Res G define C(£) to be
the composition of Cech F Zech, Cech Res G %, G. It follows from 2.2 and 2.4
that CR(n)=7 and RC(¢)=¢. This yields a natural equivalence between

Morphg¥¢ (Cech F, G) - Morphyx (F, Res G).

In other words, the Cech extension functor Cech is the adjoint of the restriction
Sfunctor Res in the usual sense (generalized to larger categories than “legitimate”
ones. The categories #¢ and ¥ will be legitimate if we demand ¢ and % to be
small categories).

We leave it to the reader to formulate a similar statement for the singular
extension functor defined on a category of covariant functors to the effect that the
singular extension functor is the adjoint of the corresponding restriction functor Res.
Dually, for the appropriate extension categories, one can deduce that the Cech
extension functor, for covariant functors, and the singular extension functor, for
confravariant functors, are coadjoints of the restriction functor Res.

APPENDIX 2. THE DOMINANCE EXTENSION CATEGORY.
Let € be an abstract category. An object X is said to be dominated by an object
Y if there is a sequence: X £, Y ¢, X with gf=1. Let €, be a full subcategory of
%, and let 2 =9(¥,) be the full subcategory of € whose objects are dominated by
objects of %,.

THEOREM. If F: €, — & is a contravariant functor there exists a unigue extension
(up to an equivalence) to a contravariant functor: 2 — <. If F' and F" are contra-
variant functors: 9 — & then any natural transformation: F'|€, — F"|€, admits a
unique extension to a natural transformation: F’' — F". In particular, if F'|%,
— F"|%¥, is an equivalence, then the extension is an equivalence.
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ReMARK. For topological applications, one needs to consider categories in
which objects are topological pairs as before (or more generally n-ads, n=1) but
morphisms are homotopy classes of maps instead of just continuous maps between
the objects.

As an illustration of a topological application consider F: J; — & defined as
in §1 and satisfying the homotopy axiom. Then there exists a uniquely defined
(up to equivalence) extension of F to all spaces dominated by finitely triangulable
pairs, and homotopy classes of maps. For example, the functor F automatically
extends to compact ANR’s since they are dominated by finitely triangulable pairs.

Another illustration is that if (¢, %) is a Cech extension category then all
extensions of F: A — & to D(X) are equivalent to F on 2(X)|(D(H) N F).
For example, the classical axioms for ordinary cohomology on finitely triangulable
pairs constitute a uniqueness category. This uniqueness category is known to be
extendable to the category of spaces having the homotopy type of finite CW-pairs.
The dominance category, on the other hand, is strictly larger than this category
and is a uniqueness category.

Proof of the Theorem. Let 9 be the category in which the objects are sequences
Xty Yo, X with Ye¥, and gf=14, and if S=(X— ---)and S'=(X"—---)
are such sequences then the morphisms S — S’ are precisely those: X — X’. In
what follows, it is often convenient to look at the commutative diagram

s xJt .y f.y
hl hxl lr(h) lhx
s x L.y &,y

where r(h)=f"hxg. In fact, if we let r(S)=Y then we get a covariant functor r: &
— %, 50 that For: 92 — & is a contravariant functor.

Define a new contravariant functor F: & — % by: if S € & then F(S)=Image
F(fg)<F(Y), and if h: S — S’ is in & then F(h)=(Fr)(h) restricted to the subset
F(S’) of F(Y’). We need first show F(h)F(S'))<F(S). Observe F(fg)Fr(h)
=Fr(h)=Fr(h)F(f'g’). Let u € Image F(f'g’), that is, u=F(f'g")(v) for some ve
F(Y"). Applying Fr(h), we get Fr(h)(u)=Fr(h)F(f'g")(v)=Fr(h)(v)=F(fg)(Fr)(h)(v)
e Image F(fg)=F(S). It is now clear that we get the contravariant functor
F: 9 — &, In particular, if 4 is a morphism in 2 which is invertible then so is F(h)
and F(h) is a bijection. It follows that for each object X in 2, the system F(X)
={F(S), F(h)} where the first object of the sequence S'is X and h, =1 is a transitive
system. (See [7, p. 17] for definition of transitive system.) Let F'(X) equal the
transitive limit of #(X). If k: X — X' is a morphism in 2 then by considering all
h: S — S’ in 9 with hy=k, we get the canonical map F(k): F(X') - F(X) of
the transitive system. This then induces a map: F'(k): F'(X') - F'(X). The
functoriality of F’ is easy to check, and we get the contravariant functor
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F:92—%. If Xis an object €%, then Sy=(X1%X, XX, X) is an objecte@
and F(Sy)=F(X). Hence F’'|%, is naturally equivalent to F. This gives us the
existence of an extension of F. Since the uniqueness of an extension follows from
the second half of the theorem, it suffices to prove the second half.

For any object X € 9, choose a sequence S=(XL, Y2, X)e 9, and define
n%: F'(X) = F"(X) by nx=F"(f)nyF'(g) where 7 is a given natural transformation:
F'|€,— F"|%,. We leave it to the reader to verify that ny does not depend on the
choice of such sequence S and that »’ is natural with respect to the morphisms in 2,
and it is the only possible extension of 7. This completes the proof.

We remark finally that the assumption of contravariance is only an assumption
for definiteness. The corresponding results of this Appendix are valid for covariant
functors(*).
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(4) We learned from the referee that the range category does not have to be the set
category &; it suffices that (1, p) has a difference kernel for every idempotent morphism p.



